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Abstract — We built a realistically-shaped head volume con-
ductor model using the finite element method (FEM).  We  
lofted Bezier splines together to reduce the computational 
boundary complexity while preserving the geometrical struc-
ture.  We based our spline reduction on coupling axis-length 
profile slopes of major and minor angular distances. We found 
that the optimal ratio of points per spline to the number of 
slices per tissue ranged from 1 to 1.5. We supported the struc-
ture reduction with an adaptive mesh, using quadratic-order 
tetrahedral basis elements with the highest resolution at the 
subdomain boundaries to maintain the geometric integrity. 
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I. INTRODUCTION  

The complexity of models can make them intractable.  
Therefore, we should find ways to reduce the geometrical 
complexity while preserving the results. The finite differ-
ence method (FDM) is limited to merging or eliminating 
matrix rows, columns, and layers to reduce the number of 
elements in order to make the model more tractable.  Since 
FDM is based on prism-shaped voxels (i.e. optimally cubic 
voxels), the geometry resolution is sacrificed, thus creating 
larger boundary-segment edges in a stair-stepped effect.  
When the resolution is high, these smaller stair-stepped 
edges simulate biological curves, but when the resolution is 
sacrificed, it does not [1]. 

Zhang and Molenbroek [2] lofted B-splines together to 
build their human head using approximately 200 splines and 
clearly indicated that they did not optimize the number of 
slices to build their model. Shyy and Fleury [3] used higher 
order basis elements with Bezier and B-splines.  We built a 
spline-reduced head volume conductor model using the 
finite element method (FEM).  We coupled axis-length 
profiles with slopes to minimize the profile energy of each 
Bezier curve [4].  We supported our frame-structure reduc-
tion with an adaptive mesh, using quadratic-order tetrahe-
dral basis elements with the highest resolution at the sub-
domain boundaries [5, 6]. 

II. MATERIALS AND METHODS 

We provide the mathematical basis of Bezier splines in 
Section II A.  Then we apply it to our model in Section II B. 

A. Bezier Splines 

We constructed our realistically-shaped head volume 
conductor model by creating three dimensional (3-D) Bezier 
spline surfaces.  We chose Bezier splines for their capability 
to realize biological shapes through a closed set of piece-
wise polynomial curves [4].  Each Bezier curve is described 
by the Bernstein basis function [3] 

                           (1) 

where the binomial coefficient                    

                            , (2) 

which is determined by the degree of the polynomial n and 
the vertex i.  The shape of the Bezier curves are regulated 
by control points Pi setting the position vector [3] 

                     . (3) 

This definition of the Bezier splines through control 
points gives it the intrinsic geometry-preserving property. 

B. Finite Element Head Model 

We started with a segmented head of the Visible Human 
Woman (VHW) measuring 640 by 530 by 670 pixels per 
dimension, having a 0.33 mm resolution per each axis unit. 
Ultimately, we constructed a four tissue model extending 
from the vertex down to the nasion with plans of extending 
it inferiorly in the future. We constrained our slice-selection 
criteria for each tissue beginning with the apical slice after 
the noise removal from the first few slices of the radial-
angular distances, i.e. the length measured from the tissue 
centroid to the tissue boundary for each slice. 

According to image analysis, we optimized our geometry 
based on the variation of the major and minor radial-angular 
axes of the transverse, coronal, and sagittal slice sections. 
From this analysis we selected which slices to use and how 
many splines per slice for each tissue. We used the radial-
angular-axis lengths for the Bezier-spline control points. We 
began with a minimalist approach starting initially with a 
pair of slices. Meanwhile we added slices until the profile 
energy of the radial-angular axes was minimized past a 
threshold that eliminated side effects such as distortion, 
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warp or twisting between slices and surface spline curves.  
We set this threshold according to the slope of the profile to 
the number of slices.   

We set our parametric compartments to conductivities of 
0.45 S/m, 0.025 S/m, 1.79 S/m and 0.25 S/m for the scalp, 
skull, CSF and brain, respectively [7 – 9]. We tested our 
model by feeding a unit reciprocal current into our model 
according to the reciprocity theorem.  Lastly, we mapped 
the spatial volumes of the model to verify the half sensitiv-
ity volume (HSV) [10] and the fifth sensitivity volume 
(FSV) [11]. 

III. RESULTS 

We analyzed the major and minor radial-angular axis 
lengths versus slice number for each type of cross section 
i.e. transverse, coronal and sagittal sets (Fig. 1).  The outline 
of the forehead, nose, and lips can be identified from the 
transverse major axis length in Fig. 1a (thick black line). 
Underneath the nose the edge of the nasal and maxilla bones 
(Fig. 1a red line) sink below the cartilaginous nose [12]. 
Altogether these graphs of the major and minor profiles 
captured the changes in radial extrema.  These profiles indi-
cated the energy change per slice in the exterior-shape pro-
file of each tissue.   

The noise associated with the image analysis of the MRI 
slices correlates with the edges of each tissue detected or a 
complex tissue structure.  The tissue-boundary noise was 
present in the first 2.5% of the measured radial-angular axis 
lengths as the measurements approached zero i.e. the first 
few slices of each set. The noise present in the transverse 
minor axis length of the skull (Fig. 1a light purple) corre-
lates with the collection of several bones surrounding air 
cavities i.e. the nasal, maxilla, vomer, palatine bones [12].  

The exterior scalp, skull, cerebrospinal fluid (CSF), and 
brain required eight irregularly-spaced, splined slices as a 
minimum to preserve the geometrical integrity of the cal-
varium i.e. the natural curvature of the head (Fig. 2). We 
found that the optimal ratio of the number of Bezier splines 
to the number of slices per tissue approximately ranged from 
1 to 1.5.  We chose this range according to the slope ratio 
because it minimized the energy per Bezier curve, thereby 
eliminating twist and warp and minimizing distortion.  
These unwanted side effects were directly related to the 
number of control points i.e. radial angular axis lengths, 
included with each set of splines. When the ratio exceeded 
this range by one standard deviation, the lofted splines 
twisted, which distorted the actual surface geometry by 
adding unwanted concave curvature between the slices. 
Extreme aversion to this ratio yielded degenerated-triangular 
or tetrahedral mesh elements in the subsequent mesh phase.  

Small, narrow, or high aspect ratio boundary features be-
tween tissues also caused poor mesh performance.   

Our model yielded 1 + 0.1% HSV and 0.08 + .004% FSV 
for high-resolution electrode montages of 256 channels.  
The volumes increased to 3% and 0.35% for the HSV and 
FSV, respectively, of a 64-channel montage. The spatial 
volumes of the head models agreed with analytical spherical 
models and realistically shaped models [10, 11, 13].   

 
(a) Transverse – Major & Minor Axis Lengths 

 
(b) Sagittal – Major & Minor Axis Lengths 

 
(c) Coronal – Major & Minor Axis Lengths 

Fig. 1 The major axis-length profiles of the scalp/skin (thick black), skull 
(red), CSF (blue), and brain (green) and the minor axis-length profile of the 

skull (light purple). These axis lengths are measured from the tissue cen-
troid per each slice in units of voxels. 
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(a) Scalp – Inferior view looking into the scalp/skin 

 
(b) Skull  – Superior view of the skull i.e. scalp removed 

 
(c) All tissues – View looking into calvarium cut 4 cm from vertex 

Fig. 2 (a) The geometrical frame of the scalp is a 3-D bowl shaped struc-
ture sitting inverted. (b) The top view of the skull is facing to the left. (c) 

The calvarium of all 4 tissues sits on the table as if it were removed.   

IV. DISCUSSION 

Splined volumes can preserve the geometrical integrity of 
the original object. When coupled with the slope of the cross-
sectional radial-angular axis lengths, we can reduce the num-
ber of splines without compromising the geometry in order to 
reduce the computational geometric complexity. We chose 
closed quadravtic splines to define the boundaries.  Closed 
linear splines form polygons, whereas, the quadratic and 
cubic polynomials capture natural biological curvature [4].  

The splines define the geometric boundaries i.e. the 
framework that defines the mesh boundaries. Even complex 
geometrical structures can be decomposed into simpler 
geometrical parts to take advantage of the Bezier splines 
[3].  Regardless of how closely each Bezier spline captures 
boundary images, the accuracy of the splines depends on the 
accuracy of the source data [2]; however, more spline 
curves must be added to capture finer localized details of 
interest such as sulci and gyri of the brain.  

The model resolution can only be upheld if there is a 
high-resolution mesh at the boundary interfaces because the 
boundaries are the focus of the computational solutions.  In 
our models we used adaptive meshes with highest resolution 
at the boundaries and reduced resolution within the subdo-
main interior to take advantage of the finite element (FE) 
basis function, the FE-solution interpolation over each ele-
ment, and to reduce the model complexity [5, 6].   In 
agreement with Geneser et al. [6], we used a second degree 
basis function to more rapidly capture variation within the 
solution compared with the first degree.  They found the 
second degree to be optimal for the geometry of biological 
nature and fitting to the solution of Maxwell’s equations. 

An application of these axis-length distances can use the 
orthogonal radial-angular axis lengths to repair missing data 
or noise from one set of slices e.g. using the coronal and 
sagittal data to repair the transverse data.  Furthermore, they 
can be used to alter the control points of a model for any 
desired localized deformations. 

V. CONCLUSIONS  

Splined volumes can preserve the geometrical integrity 
of the original object. When coupled with the slope of the 
cross-sectional axes, the number of splines can be opti-
mized.  Bezier splines can successfully reduce the model 
complexity while minimally altering the original geometry 
in order to preserve the solution of the model. 
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